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Microwave Measurement of a Complex Dielectric Constant

Over a Wide Range of Values by Means of a

Waveguide-Resonator Method

CHINMOY DAS GUPTA, MEMBER, IEEE

Absfract—A new method of measuring complex dielectric con-

stants at microwave frequencies by introducing a resonant circuit
comprised of the experimental sample within a waveguide is de-

scribed. The theoretical evaluation of working equations for the
complex dielectric constant under the quasi-stationary distribution
of the field within the sample is given. In this case, the equations
are derived 1) considering the elements as lumped parameters and
2) distributed parameters are treated by means of transmission line
equations. The two sets of equations are compared.

The working equations are also derived for the condition when the

experimental sample takes up the form of a radial line. The accuracy

of determining the parameters is computed and experimental results

are provided as verification of the applicability of the given method.

INTRODUCTION

I Nthe given work, a new method of measurement of

complex dielectric constant over a wide range of values

is suggested. The basic principle of the method is a combin-

ation of waveguide and the resonator method.

The resonant unit consists of a tunable coaxial line, the

central conductor of which is extended as a probe within

the waveguide. The experimental sample is placed between

the end of the probe and the wall of the waveguide as

shown in Fig. 1.

In order to increase the effect of the experimental sample

on the measurable parameters, the height of the wave-

guide is reduced and this is subsequently matched to the

standard waveguide by means of a Chebyshev impedance

matching transformer.

During the quasi-stationary distribution of fields within

the experimental sample, resonance is obtained by means

of the tunable coaxial line and the real part of the complex

dielectric constant can be expressed as a function of the

resonance value of the coaxial line reactance.

Tan ~ of the experimental sample at quasi-stationary

distribution of field is determined as a function of the re-

flection coefficient at resonance and also from the change

of Q of the resonant contour after the placement of the

experimental sample.

The working equations for e’ and tan 8 of the experi-

mental samples under the quasi-stationary dktribution of

field are derived considering the resonator elements as

lumped parameters. More exact equations are derived

with the help of transmission line equations under the
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specific boundary conditions. Convergence of the two sets

of equations is evaluated for the specific values of the

resonant elements.

With the increasing c’ or frequency, the condition for

the quasi-stationary distribution of field within the sample

fails to satisfy and subsequently the disk sample takes up

the form of a radial line having ordered resonant and anti-

resonant frequencies. In such cases, the input impedance

of the experimental sample will have successive impedance

maxima and minima. By noting the frequency difference

between the two successive antiresonant points, d of the

experimental sample can be determined.

However, resonance frequencies of the experimental

sample could also be used to determine d, but it would

have less effect on the measurable parameters and conse-

quently the accuracy of the measurement would be less

than the corresponding antiresonant measurements. The

real difficult y encountered during the measurement of

the compIex dielectric constant of the experimental sample

in the form of a radial line is in the exact elimination of

reactance of other elements in the resonant contour.

Tan 6 of the experimental sample can be determ~ined

from the magnitude of the reflection coefficient at one of

the lower antiresonant points of the sample.

At further increment of e’ of the experimental sample,

as in the case of certain ferro-electric materials near the

point of phase transition, the input impedance of the ex-

perimental sample is quite low in order to have appreciable

effect on the measurable parameters and consequently,

the accuracy of determining d, tan 6 goes down. In order

to increase the input impedance of the experimental

sample, a A/4 impedance transformer can be used as

shown in Fig. 6.

Accuracy of determining e’, tan 6 in these cases is {eval-

uated and the experimental results are provided verifying

the applicability of -the method at different ranges of e’,

tan 3 values. The possibility of thermal shielding of the

experimental sample in this method makes it easier to

study the thermal behavior of dielectric properties.

THEORY

Quasi-Stationary Distribution of Field within the Sample

Case I—Lumped Parameter Concept: When the condition

of quasi-stationary distribution of field within the experi-

mental sample is satisfied, the system can be represented
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Fig. 1. Experimental unit.

by means of an equivalent circuit as shown in Fig. 2,

where

XK reactance of the tunable coaxial line;

Xc capacitive reactance of the experimental sample;

XL reactance of the probe;

Rc XC tan 8. Equivalent resistance due to losses in the

experimental sample;

RT equivalent losses in the measurement system, i.e.,

wall of the waveguide, probe, and tunable coaxial

line.

If the VSWR of the system without probe is equal to

unit y

ZO tan kll + XL = O (1)

where Z. is the characteristic impedance of the coaxial

line.

11is the length of the short-circuited coaxial line, tuned

to resonance with probe only. If & is the corresponding

length of the coaxial line for resonance with the experi-x

mental sample

Z~ tan 1032– X. + XL = O. (2)

Substituting (1) in (2), the reactance of the experi-

mental sample can be expressed as

[

ZO sin k(l, – 1,)
xc =

Cos hi Cos lcl.z 1

1
xc=—

E’E07W2
21rfc

c=—
Ci?

(3)

where

CO permittivity of free space;
r radius of the experimental sample in meters;

d thickness of the sample in meters.

Tan 6 of the sample can be determined with the help of

the reflection coefficient of the system tuned to resonance.

If the losses in the waveguide system are not high, as-

suring VSWR < 1.1, the losses in the system without the

experimental sample can be determined with the help of

the reflection coefhcient of the system tuned to resonance

T
\

f’%
%4

%
xc

I__RC - XC t..&.

Fig. 2. Equivalent circuit of the experimental unit.

without the experimental sample. Tan 6 of the sample, as

a function of these reflection coefficients can be expressed

by means of the following equation:

[

2pm 1
tan6=—

1 l+lrLl

X. l–lrTl–2–2[1–/rL\] 1
(4)

where

P.

rT

rL

characteristic impedance of the reduced height

waveguide at the position of the experimental

sample;

reflection coefficient of the system with the sample

tuned to resonance;

reflection coefficient of the system without the

sample tuned to resonance.

Tan 6 of the sample can also be determined from the

change of Q of the resonant system after the pla~ement of

the sample. If & as denoted earlier is less than A/4, i.e.,

for the samples with low e’, the tan ti of the sample can be

determined with the help of the equation

tan6~1, +
sin M cos id%

Q QOsink(l, – t,)
(5)

where Q’ is the loaded Q of the resonant system and Q. is

the unloaded Q of the resonant contour.

If ~ > A/4, i.e., for the samples with high e’, tan 8 can

be expressed by the following equation:

[1

1 sin lcll cos kl,
tan~~ ‘–—

QO Q’ sin lc(l, – L,) “
(6)

For lossy samples with low c’, it is difficult to determine

the loaded Q because, with detuning, the reactance of the
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coaxial line and that of the probe change. The effect of

this detuning has been taken into account in the work [1].

Quasi-Stationary Distribution of Field within the Sample

Case l—Derivation of Working Equations with the Help of

Transmission Line Equations: In the given ease, the equa-

tion for the influence of the experimental sample on the

reflection coefficient is derived with the help of transmis-

sion line equations. It can be assumed that the distribu-

tion of current along the probe can be quite accurately

represented by the following equations:

dI

dy =
– Yo

(7)

(s)

where

Y distributed admittance of the probe;

Z distributed impedance of the probe;

4 scalar potential along the length of the probe;

ER ‘resultant electric field along the surface of the

probe.

Assuming that the distribution of current along the

probe is known, the amplitude of the reflected wave can

be derived with the help of the equation

E-=A
NS JI(y)E+ dy (9)

where

E+ amplitude of the incident wave;

I(y) function of current distribution along the probe;

Ns norms.

For a waveguide excited by the TEO1 mode of operation,

N~ can be given by [4]

Ns=~ (E+)2[1-(aT‘1”)
where a is the width of the waveguide and b is the height

of the waveguide. It is assumed that the characteristic

impedance of a probe can be approximately represented

with the following equation [2]:

{
@ = 60 2.303 log : + 0.116

P }

(11)

where rP is the radius of the probe.
Applications of the above equation which is derived

from antenna theory [2] in the unbounded medium, is the

basic assumption made for the given problem. Subsequent

experimental verification of the characteristic impedance

of the probe with an accuracy better than 4 percent under

367

given experimental limitations, justifies the previous as-

sumptions regarding current distribution along the probe,

so also the applicability y of transmission line equations

within the bounded medium with certain approxiniations.

If the solutions of (7) and (8) are represented by the

following equations:

~= Asinlcy+Bcosky (12)

I= Csinky+Dcosky–j~ (13)

the constants A, B, C, and D can

help of the boundary conditions:

4 I.=o = “

Kpp

be determined with the

(14a)

4 1.=0+0= ~, 1.=0+0 x ~o (14C)

where x~o,~ is the reactance of the coaxial line and x. is the

reactance of the sample.

After determination of the constants C and D with tlie

help of boundary conditions, it is possible to get an expres-

sion for the reflection coefficient by means of (7), (9),

and (12).

In the case of experimental samples without losses, the

equation for reflection coefficient can be expressed by

r=~ - (15)
P—h

where P and v are functions of Ns, PP, XC, XK and can be

represented by

3’
{

1 cot kb

q = iiPPNs PP sin kb – PP }

(16)

{

Xcxx cot kb
#= 1+ —+—

}
(XK – x.) . (17)

PP2 pP

At resonance dI’/d& = O and correspondingly the re-

actance of the coaxial line at resonance tan be expressed

as a function of reactance of the experimental sample by

means of the following equation:

[X. cot kb – p,]

x= = ‘p [Xc+ p, cot kb] .

The expression for reflection coefficient

circuited probe takes up the form

–b/lcpPNs
r=

1 + j(b/lcpPNs) .

(18)

from a sllort-

(19)

A similar problem has been solved [3] for a waveguide

shunted by a probe and the equation for the reflection co-

efficient in thk case is given by

–1
r=

l+2jx.
(20)
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The magnitude of the reactance as put by the probe across

the waveguide can be evaluated with the help of thefol-

lowing equation [3]:

(21)

where

rp
d

A.

a

radius of the probe;

distance of the center of theprobe from the wall

of the waveguide (in the given cased = a/2);

guide wavelength;

width of the waveguide.

The reflection coefficients for identical configurations

as calculated for rp = 0.75 mm and AO = 10 cm for the

$band waveguide according to (19) and (20) are, respec-

tively, ( –0,17 + jO.432) and ( –0,164 + jO.31). By re-

placing Xc = Xc (1 – j tan 6) in (14c), tan 6 of the

experimental sample can be determined with the help of

the following equation:

Ir

where

1
K=—

kpPN~
~=

values of c’, as it was subsequently verified experimentally.

Resonance values of coaxial line reactance for different

values of d are calculated with the help of (3) and (18).

It can be seen from Fig. 3 that the two equations converge

for XK = O, i.e., when the capacitive reactance of the ex-

perimental samples is tuned only by the inductive re-

actance of the probe; and from the accuracy curve [Fig.

4(a) and (b) ] it can be seen that the ●’ of the experi-

mental sample in this region can be determined with the

best accuracy. Subsequent experimental verification shows

that g’ of the experimental sample can be evaluated more

accurately with the help of (18).

Accuracy: From the accuracy curves for determining

Fig. 4(a) and (b), it can be seen that the e’ can be de-

termined with satisfactory accuracy (in the range of

3W120) by proper adjustment of sample dimensions,

(i.e., thickness and diameter) and the characteristic im-

pedance of the probe (i.e., by changing the diameter of

the probe).

Increase in error in the determination of c’ for lower

and higher values of ~’ can be explained by the fact that

lower values of e’, for which the coaxial line is tuned more

towards A/4, produce large error due to the inaccuracy

of determination of the length of the coaxial line.

For higher values of e’, inaccuracy grows due to the

errors in the determination of sample dimensions. How-

_ –{k@Xctan~ – K@Xctan6)2 + K{{~Xctanii – K~}
— (22)

{Kj3Xctan~ – K@Xctan6]2 + {&X~tan~ – tK}2

[-

x= cot kb—
PP2 PP 1

{(2xK 1~=_—
kppz Sinkb – )1cot kb — J

kpp

[{

2xcxK 1
~=

kpp2 } 1
——cotkb +{ XK— Xc) .
Sinkb

~I’ I k the reflection coefficient at resonance. For smaller

values of tan 6, (22) can be simplified in the following
form:

(23)

The effect of losses in the system can be taken into accouxit

by *gning a complex value to the characteristic im-

pedance of the probe. However, it is more complicated
to determine the value of tan t by taking into account

the losses in the system. For this purpose, (4) can be used

more conveniently than the previous method. For systems

with extremely low 10SSSSand for moderate values of

I&l < tan 6< lbz, (23) gives more mtisfactory results.

Equation (1S) as derived with the help of transmksion

line equations is more exact than (3) for evaluating the

ever, the effect of fringing field has been neglected in all

these calculations. Any misalignment of the experimental

sample with the probe will enhance the effect of fringing

field and an attempt has been made to minimize any error

due to this by extremely careful alignment of the experi-

mental sample with the probe, and very good contact of

the sample with the waveguide by silvering the sample.

In the present geometry of the experimental setup the

fringing field effect can be neglected in the first-order

approximation. The given curves estimate the accuracy

mainly due to the error in measurements of sample dimen-

sions and frequency instabfity of the generator. The effect

of fringing field which is certain to influence the accuracy

of measurement has not been taken into account. The

samples are selected for which the condition of quasi-
stationary distribution of field is well satisfied (i.e.,

d/ (e’) ~lz<< A/2 and r/ (c’) ‘[z<< A/2).

But the limiting cases for which the sample does not

take up the form of radial line, and for which, at the same

time, the condition of quasi-stationary distribution of

field is not well satisfied, are not studied in the present

work. In such cases, the anomally can be partly reduced

by employing samples of special shapes, which is a sepa-
rate subject of detailed study.

The accuracy curves for tan ~ @ig. 5(a) and (b)], r~

semble those of resonator methods where errors grow with
—
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reducing values of tanb, as the losses in the experimental where Jo’ (x) and J1’(x) are derivatives of JO(Z) and Jl(z),

sample are comparable with the losses in the system and respectively.

for higher values of tan 6, the resonance curves become By using recurrence relations of the Bessel functions,

quite flat, so that the error increases in the measurement the final expression for input impedance for such a radial

of the loaded Q. line can be expressed as

{

j120d [8JJI – x’ tan’ &ll(Jo – JJ ] + jx tan IS[4J12 + MO(JO – J2) ]
g+ –__.._

R (6/) 112 }
(28)

16J12 + x’ tan’6 (Jo – J,) 2

For very low 10SSYsamples, the loaded Q of the resonant

contour increases due to redistribution of current in it.

This is observed experimentally, in the case of a low-loss

ceramic (Fig. 8) where the resonance curve shows more

reflection than in the case of resonance with a short-

circuited probe.

Case 2—The Sample in the Form of a Radial Line: With

increasing values of d and that of frequency, it becomes

difficult to satisfy the condition of quasi-stationary dis-

tribution of field within the experimental sample and by

further increasing c’ (or frequency), the disk sample takes

the form of a radial line. If the thickness of the sample

is much less than A/2, field distribution within this radial
line will be of the TMOO type [4] and the field components

within it can be represented by

E. = E3J,(kr) (24)

where

(25)

k = : = (.d(/J6)‘/2 = cd(/.m)l/2(/– je’’)llz

Jo(x) is the Bessel function of zero order and JI (x) is the

Bessel function of first order.

The coupling of field of the waveguide and that of the

sample takes place through the continuity of electric-field

components, whereas in the subsequent modified version

with the A/4 coaxial line transformer, coupling takes place

through the continuity of magnetic field components.
The equation for input impedance of such a radial line

can be derived from

~ = _ jd k JO(kr)

21rR “~ J,(kr)
(26)

where d is the thickness of the sample and R is the radius

of the sample.

By expanding (26) with the help of Taylor’s series and

neglecting the second-order terms, the expression for input

The input impedance of such a radial has got repetitive

resonant and antiresonant frequencies. It can be shown

from (28) that the difference between two successive reso-

nant or antiresonant roots of Bessel function is equal to ~.

Therefore, by measuring the difference in frequencies of

two successive antiresonant points, d of the sample can

be determined from the equation

xl — X2 = n- = [wI — W2](V6’) 112R

The input impedance of the experimental

antiresonant (AR) point takes the form

{

120d
ZAR ~

R(/)1/2XA~. tan 6}

(29)

sample at the

(30)

, and the reso-where XAR = 3.83 + mr, n = O, 1, 2, 3. ...

nance value of the input impedance of the experimental

sample

120d
zR=—

XR - tan 6

R(d) l/2 4[1 + tan28]
(31)

XRS3.83 + (TZ-t- 4)T, n= —1,0,1,2,3, . . . .

In measurements it is more effective to note the anti-

resonant points, because at resonance, the input impedance

of the sample (which is mainly due to the loss term tan ~)

is likely to be comparable with the losses in the system

and consequently, the accuracy of measurement will be

less.

Tan ~ of the experimental sample can be determined with

the help of the reflection coefficient of the system tuned to

antiresonance of the experimental sample. The reactance

term of the probe at this frequency should be cancelled

out by means of the tunable coaxial line, from the pre-

determined values for the corresponding frequency. Losses

in the system can be approximately taken into account

with the help of the reflection coefficient from the system

tuned to resonance with the short-circuited probe.

The equation for tan 6 can be then expressed as

120d

‘an~s [(1 – r~~)/2r*~ + (1 – rL)/(.l
(29)

+ l?L) IZO. OR(e’) 1/2XAR
\,“U,

impedance takes the form where

z=.
[

jd. 1207r Jo(x) – jz tan c$J/(x)

27rR(/)1/2 Jl(x) – jz tan ~J1’(x) 1
(27) Zoo characteristic impedance of the waveguide at

the position of the placement of the sample;
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v4

AmFTE.

Fig. 6. Modified unit to measure high e’.

I’AR reflection coefficient from the system with the

sample at antiresonance;

rI, reflection coefficient from the system with the

short-circuited probe tuned to resonance.

In order to reduce error in the measurement of tan 8,

the reflection coefficient VS frequency should be measured.

by properly canceling out the reactance due to the probe.

Any residual reactance of the probe is likely to show not

only the increased value of tan 6 but also some shift of

antiresonant frequency of the sample and a corresponding

error in the measurement of /.

E’ can be determined with an accuracy better than 2

percent and accuracy of determining tan 8 is higher for

lower values of tan 8 and reduces with increasing values

of tan 6. This trend is opposite in the case of samples with

quasi-stationary distribution of field in it. Accuracy in

measurement of tan 8 is within l&-12 percent for tan 6

10–3–10–2 and within 12–30 percent for tan d 10–LIO–l.

For very high values of c’(6’ > 5000), as in the case of a

few ferro-electrics near the temperature of phase transi-

tion, the input impedance is quite low in order to have

significant effect on the measurable parameter. The input

impedance of such samples can be stepped up with the

help of a A/4 impedance transformer as shown in Fig. 6.

Experimental Results

The schematic experimental setup is shown in Fig. 7 (a)

and (b). The setup as shown in Fig. 8(a) is used to de-

termine quickly the resonant point for determination of

/. Keeping the system tuned to resonance, the setup as

shown in Fig. 7(b) is used to determine the reflection co-

efficient, at thk point, in order to find out the value of

tan ~. Typical experimental resonance curves are shown

in Fig. 8 for the short-circuited probe and two ceramics.
It is seen that the characteristic impedance of the probe

is determined with an accuracy better than 4 percent. In

order to verify the applicability of the method in the case

of resonant samples VK 7, a specially synthesized material

from BaTiO~ and SnTi03 was used as the experimental

sample.

I

[
1

H
2 7

s
I

l=)

, ,
10 J

[ 1 19 >4 43

5
ECII

13

lb)

Fig. 7. l—generator; 2—isolator; 3—waveguide coaxial trans-
former; +Chebyshev impedance transformer; 5—experimental
unit; &-detector; 7—power meter; 8—mat ched load; 9—slotted
line; 1O—VS WR meter. (a) Schematic representation of setup to
plot resonance curve. (b) Schematic representation of setup to
measure reflection coefficient at resonance.

I — (3) I

I J
10 20 30 40 50 60

mmul W mm ssml Cmaomm Pxmmmi (in m)

Fig. 8. Experimental resonance curves. (l) —short-circuited probe;
(2) —rut,le, J = 155; (3)—ceramic, .’ = 20.

c’ and tan 6 of this sample as measured by coaxial line

by noting VSWR and minimum position were, respec-

tively, 2620 and 1.35 X 10–3 at room temperature. c’ and

tan 6 of this sample as measured by the suggested method

were, respectively, 2600 and 1.5 X 10–8 at room temper-

ature. Experimental results for a few samples with the

quasi-stationary distribution of field within the samples

are tabulated in Table I.

TABLE I

Mmr.m
BY THE lDI’HOD BY - M31fi0D - MEmmo

c’ tgs <’ +4 s

Vlnipl.am 3.43- b.o (5-6) X 10-2 3,8 - 4.0 5 x 10-2 [51

Tw.nsjm.rent 3.31 - 3.6 (4.5 - 6) X 10-2 3.0 - 2.3
Plastic

5.5 x 10-2 [5]
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CONCLUSION

The proposed method which is based on the combined

principle of the resonator and waveguide method can be

used with certain modification over a wide range of values

of d and tan 8. This method can be considered to be uni-

versal like waveguide or coaxial line methods [6}[10].

However, the waveguide and coaxial line methods which

can be used to measure e’ and tan 8 over a wide range of

values are to employ graphical solution in certain cases

in order to solve nonsingle valued transcendental equa-

tions [7]. Simpler working equations in closed form in the

given case can be considered to be an added advantage

of this method over the earlier methods, which enables

measurement of e’ and tan 6 over wide range of values.

In certain cases of the earlier methods, fabrication of

the experimental sample, in order to satisfy the condition

of quasi-stationary distribution of field, requires a very

sophisticated technological setup [9]. The same experi-

mental unit cannot always be used for measuring the

parameters under two conditions of field distribution

[6], [9].

Thus this proposed new method which enables measure-

ment of d and tan 8 over a wide range of values can “be

used with certain attachment for the whole range of these

parameter’s values. When the size of the sample is con-

veniently limited the proposed method proves to be su-

perior to the earlier methods. Convenience of thermal

shielding of the experimental sample makes it possible

to study the dependence of # and tan 6 with respect to

temperature, which has important scientific significance

regarding investigation of the properties of materials.
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Microstrip Discontinuity Problems
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Abstract—A general approach for deriving quasi-static equivalent
circuits for discontinuities in microstrip lines k presented. The
formulation is based upon Gslerkin’s method applied in the Fourier
transform domain. Numerical results are presented for a number of
clifferent configurations and compared with data available from
other sources.
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I. INTRODUCTION

THE PURPOSE of this paper is to develop a general

approach for computing the discontinuity y capacitance

for a wide variety of microstrip structures. Currently, a

number of different methods exist for attacking this prob-

lem, e.g., the moment method, the variational approach,

projective method of solution for the integral equation, to

list a few. Discussion of these methods may be found in

publications by Farrar and Adams [1], Maeda [2], and

Silvester and Benedek [3], [4]. The approach to be


